We determine the stability/instability of the tangent bundles of the Fano varieties in a certain class of two orbit varieties, which are classified by Pasquier in 2009. As a consequence, we show that some of these varieties admit unstable tangent bundles, which disproves a conjecture on stability of tangent bundles of Fano manifolds. 0.1. A Fano manifold X is, by definition, a smooth projective variety X whose anti-canonical divisor −K X is ample. From a differential geometric viewpoint, it is very important to detect which Fano manifolds admit Kähler-Einstein metrics and, after the celebrated works [Tia97, Don02, Ber16, CDS15a, CDS15b, CDS15c, Tia15], it has been accomplished that the existence of a Kähler-Einstein metric on a given Fano manifold X is equivalent to a purely algebraic stability condition for X, called K-polystability.
(2) Smooth complete intersections in the projective space P m [Sub91] [PW95, Corollary 1.5]; (3) dim X ≤ 5 [Hwa98, PW95]; (4) dim X = 6 (semistability of Θ X ) [Hwa98] ; (5) r X ≥ dim X − 2 [PW95]; (6) r X > dim X+1 2 and the fundamental divisor H X is very ample [HM99, Hwa01] , where the Fano index r X is defined as the largest integer that divides −K X in the Picard group Pic(X), and the fundamental divisor H X is the divisor −K X /r X . Note that, in [PW95] , the case r X = n − 2 is studied under the condition that |−K X | contains enough smooth members, while the condition is lately proved to hold automatically by [Amb99, Mel99] (cf. [Muk89] ). See also [Tia92, Hwa00, BS05, Bis10, Iye14, Liu18] for other related works on stability of tangent bundles.
It would be noteworthy that there is a variant of Conjecture 0.1, which addresses (in)stability of tangent bundles for all Fano manifolds (not necessarily ρ X = 1); it is expected that the instability of Θ X reflects the Mori-theoretic geometry of the variety X, and hence that it is "realized" by a Mori contraction π : X → Y . See, e.g., [Ste96] and [Pet01, Conjecture 3.21] for this variant of Conjecture 0.1. 0.2. The purpose of this paper is to study Conjecture 0.1 for a certain class of Fano manifolds, which are classified by Pasquier. Boris Pasquier, in his article [Pas09] , classified Fano manifolds with the following condition:
Condition 0.2 (Pasquier's condition). X is a (smooth) Fano manifold with ρ X = 1. Under the natural action of the identity component Aut 0 (X) of the automorphism group of X, the variety X decomposes into two orbits X 0 Z, where X 0 is the open orbit and Z is the closed orbit. Moreover, the blow-up Bl Z X of X along Z is again an Aut 0 (X)-variety with two orbits X 0 and the exceptional divisor E.
His result can be summarized as follows:
Theorem 0.3 ([Pas09, Theorem 0.2]). Let X be a Fano manifold which satisfies Condition 0.2. Then one of the following conditions holds:
(1) X is a horospherical variety, Aut 0 (X) is not reductive, and the isomorphic class of X is uniquely determined by a triple (D, ω Y , ω Z ), where (D, ω Y , ω Z ) is one of the following triples: (i) (B n , ω n−1 , ω n ) (n ≥ 3); (ii) (B 3 , ω 1 , ω 3 ); (iii) (C n , ω k , ω k−1 ) (n ≥ 2, k ∈ { 2, . . . , n }); (iv) (F 4 , ω 2 , ω 3 );
(v) (G 2 , ω 1 , ω 2 ). (2) Aut 0 (X) is a semi-simple group of type F 4 , and X is isomorphic to an F 4 -variety, which we will denote by P F4 .
(3) Aut 0 (X) is a semi-simple group of type A 1 × G 2 , and X is isomorphic to an A 1 × G 2 -variety, which we will denote by P A1×G2 .
In particular, if X is one of the manifolds as in Theorem 0.3 (1) , then X does not admit Kähler-Einstein metrics since its automorphism group is not reductive. On the other hand, with Conjecture 0.1 in his mind, one may expect the stability of the tangent bundles of all Fano manifolds in Theorem 0.3. This expectation or Conjecture 0.1 is, however, no longer true in general; the purpose of this paper is to prove the following theorem:
Theorem 0.4 (Stability/instability of tangent bundles). Let X be a Fano manifold as in Theorem 0.3.
(1) Then the tangent bundle of X is not semistable in the following cases:
• Case (1) (i) with n ≥ 4;
• Case (1) (iv).
(2) In the remaining cases, the tangent bundle of X is stable.
0.3. The present article is organized as follows: Section 1 presents preliminaries; we will review basic concepts of stability of vector bundles and foliations on varieties. Then we will introduce a set Φ G of foliations on X, and provide propositions which ensure that the set Φ G is non-empty if Θ X is unstable. In Section 2, we will describe the geometry of the varieties as in Theorem 0.3, mainly based on [Pas09] and [GPPS19] . In Section 3, we will introduce canonical foliations on the varieties as in Theorem 0.3 and then provide a criterion of the stability of tangent bundles in terms of canonical foliations. Then the proof of Theorem 0.4 will be performed. In the last section, we will give several remarks.
Convention 0.5. Given a torsion free sheaf E on a smooth projective variety X, we will consider its first Chern class c 1 (E) as an element of the Chow group A 1 (X). If A 1 (X) ≃ Z, then we will denote by H X the ample generator of A 1 (X) and we may identify the first Chern class with an integer.
For a vector bundle E on a variety X, we will denote by P(E) the Grothendieck projectivization of E, i.e., P(E) = Proj( i≥0 Sym i E). A morphism f : X → Y is called a projective bundle if there is a vector bundle E on Y such that X ≃ P(E) and the morphism f is the natural projection. We will denote by ξ E the relative tautological divisor of P(E). We will use the same convention for the projectivization of a vector space V . Therefore P(V ) parametrizes the hyperplanes in V . Set P sub (V ) := P(V ∨ ), which parametrizes the 1-dimensional subspaces in V .
For a smooth variety X (resp. a smooth morphism π : X → Y ), we will denote by Θ X (resp. Θ π ) the tangent bundle of X (resp. the relative tangent bundle of π).
Preliminaries

Stability of vector bundles.
Here we briefly recall the concept of stability of vector bundles in the sense of Mumford-Takemoto.
Let X be a smooth projective variety of dimension n, and fix an ample Cartier divisor H on X. Given a (nonzero) torsion-free sheaf E of rank r on X, we define its first Chern class c 1 (E) as the divisor class of the line bundle ( r E) ∨∨ . Then the slope of E with respect to the polarization H is defined as the averaged degree of the first Chern class:
Recall that a subsheaf F ⊂ E is said to be saturated if the quotient E/F is torsion free.
Definition 1.1 (Stability of torsion free sheaves). Let E be a torsion free sheaf on a smooth projective variety X. Then the sheaf E is called stable (resp. semistable) if, for any (nonzero) saturated subsheaf F E, the inequality µ(F ) < µ(E) (resp. µ(F ) ≤ µ(E)) holds.
Remark 1.2 (Polystability of sheaves).
(1) Recall that a sheaf E is called polystable if E ≃ E 1 ⊕ · · · ⊕ E k for some stable sheaves E i with µ(E 1 ) = · · · = µ(E k ). By the definition, we have the following implications for a torsion free sheaf E:
Note that, for an indecomposable sheaf E, its stability is equivalent to the polystability.
(2) Let X be a Fano manifold with ρ X = 1. In the rest of this paper, we will only consider the polarization on X given by the fundamental divisor H X . Note that the tangent bundle Θ X of X is indecomposable by [CP02, Proposition 3.1]. Thus, the stability of Θ X is equivalent to its polystability, and hence it is also equivalent to the existence of a Hermitian-Einstein metric on Θ X by the Kobayashi-Hitchin correspondence.
Let E be a torsion free sheaf on X. Assume that E is not semistable. Then, by the definition, E admits a saturated subsheaf F with µ(F ) > µ(E). It is well known that the set { µ(F ) | F is a subsheaf of E } is bounded from above, and there exists a unique maximal subsheaf E max , called the maximal destabilizing subsheaf of E, which attains the maximum slope:
Note that, by the maximality of E max , the sheaf E max is semistable and saturated in E. Remark 1.3 (Invariance under the action of the automorphism group). Let X be a smooth projective variety and E a torsion free sheaf on X. An automorphism of the pair (X, E) is defined as a pair (g, ϕ) of isomorphisms g : X → X and ϕ : E → g * E. Then, by the uniqueness of the maximal destabilizing subsheaves, the subsheaf E max is preserved by any automorphism of the pair (X, E), i.e., E max = g * E max via the identification ϕ.
1.2. Foliations and algebraicity of leaves. Now we restrict our attention to the case of tangent bundles and recall several concepts regarding foliations. Definition 1.4 (Foliation). Let X be a smooth projective variety. A foliation F on X is a saturated subsheaf F ⊂ Θ X that is closed under the Lie bracket, i.e.,
We will denote by Sing F the closed subset on which Θ X /F is not locally free. Thus, on X \ Sing F , the sequence
is an exact sequence of vector bundles.
Let F be a foliation or, more generally, a subsheaf of Θ X . Assume that an algebraic group G acts on X. Then F is said to be G-invariant if, for any g ∈ G, the image of the natural composition map
Let F be a foliation on X. Then the Frobenius theorem on integrability says that, if x ∈ X \ Sing F , then there exist an analytic open neighborhood U of x ∈ X and a closed analytic submanifold L U ⊂ U such that Θ LU = F | LU as subsheaves in Θ X | LU . A (connected) complex manifold Y or, more precisely, a pair (Y, ι) of a complex manifold Y and a holomorphic map ι : Y → X \ Sing F is called an integral manifold if ι is a one-to-one immersion and its differential dι identifies Θ Y with ι * F . Then the global version of the Frobenius theorem asserts that, for x ∈ X \ Sing F , there exists a unique maximal integral manifold L x that contains x, called leaf through x ∈ X (cf. [War83, Theorem 1.64]). By an abuse of notation, we will denote by the same symbol L x the image of L x in X. Definition 1.5 (Leaves and their algebraicity).
(
(2) A foliation F is said to be algebraically integrable if a leaf L through a general point x ∈ X is algebraic.
As is observed by Miyaoka [Miy87a, Miy87b] , the maximal destabilizing subsheaf of the tangent bundle Θ X plays an important role in the classification theory of algebraic varieties. An easy but fundamental observation is that the maximal destabilizing subsheaf of Θ X defines a foliation if it satisfies a weak positivity condition (see, e.g., [SB92, Lemma 9.1.3.1] for a proof): Proposition 1.6 (Maximal destabilizing subsheaves of tangent bundles). Let X be a smooth projective variety and Θ X,max the maximal destabilizing subsheaf of Θ X . If µ(Θ X,max ) > 0, then Θ X,max defines a foliation. Theorem 1.7 (Algebraicity of leaves). Let X be a smooth projective variety and F a foliation. Assume that a projective curve C is contained in X \ Sing F and F | C is ample. Then any leaf L x through x ∈ C is algebraic.
See also [KSCT07] for an account of the above theorem.
1.3. Definition of Φ G . Let X be a Fano manifold (with ρ X = 1) and assume that Θ X is not semistable. Then, by Proposition 1.6, the maximal destabilizing subsheaf Θ X,max defines a foliation on X. By the Mehta-Ramanathan restriction theorem, the restriction of Θ X,max to a general complete intersection curve C =
Then, by Hartshorne's criterion [Har71, Theorem 2.4], the bundle Θ X,max | C is ample, and hence Θ X,max defines an algebraically integrable foliation. Note that, by Remark 1.3, this foliation is Aut(X)-invariant. Summarizing, we have a natural Aut(X)-invariant algebraically integrable foliation Θ X,max , if Θ X is not semistable.
. Let X be a Fano manifold with ρ X = 1 and assume that an algebraic group G acts on X. Then we define:
Note that we assume F = Θ X in the above definition.
Also, for a real number a ∈ R, we define Φ G >a (resp. Φ G ≥a ) as the subset of Φ G consisting of the foliations with µ(F ) > a (resp. µ(F ) ≥ a).
We also define:
Then, by the discussion above, we have the following: Proposition 1.9 (Φ G >µ(ΘX ) and semistability of Θ X ). Let X be a Fano manifold with ρ X = 1 and G an algebraic group acting on X. Assume that Θ X is not semistable. Then Φ G >µ(ΘX ) is non-empty.
The following proposition ensures that a similar set Φ G ≥µ(ΘX ) is also non-empty if Θ X is not stable:
and stability of Θ X ). Let X and G be as in Proposition 1.9. Assume that Θ X is not stable. Then Φ G ≥µ(ΘX ) is non-empty. Proof. By Proposition 1.9, we may assume that Θ X is semistable but not stable. By Remark 1.2, Θ X is not polystable. Set µ := µ(Θ X ).
Eventually this procedure terminates, and produces a G-invariant polystable subsheaf E ⊂ Θ X with µ(E) = µ. Since Θ X is not polystable, we have E = Θ X .
Finally we will prove that E is saturated in Θ X . Note that E is reflexive since it is a direct sum of reflexive sheaves. Let E be the saturation of E in Θ X . Then the semistability of Θ X and E implies µ( E) = µ. Thus the map E → E is a generic isomorphism between reflexive sheaves with same slopes, and hence it is an isomorphism By the above claim, the following set is non-empty:
Let F be an element of Φ.
Proof of Claim. By Theorem 1.7, it is enough to see that F defines a foliation or, equivalently, that the O'Neil tensor ∧ 2 F → Θ X /F , which is induced from the Lie bracket, is a zero map. For this, we will follow the argument of [SB92, Lemma 9.1.3.1].
Note that, since Θ X /F is torsion free, the natural map Θ X /F → (Θ X /F ) ∨∨ is injective. Hence it is enough to prove that there are no nontrivial morphisms (∧ 2 F ) ∨∨ → (Θ X /F ) ∨∨ . Since F is semistable, the sheaf (∧ 2 F ) ∨∨ is a semistable sheaf whose slope is 2µ. On the other hand, the semistability of Θ X together with the fact µ(Θ X /F ) = µ implies that Θ X /F is also semistable, and so is (Θ X /F ) ∨∨ . Since µ > 0, we have 2µ > µ. Thus there are no nontrivial morphisms (∧ 2 F ) ∨∨ → (Θ X /F ) ∨∨ .
This completes the proof.
Pasquier's classification and their geometry
Here we recall descriptions of Fano varieties in Pasquier's classification (=Theorem 0.3), based on [Pas09] or [GPPS19] . Almost all results in this section can be found in the literature, except for the explicit calculations on the geometry of P A1×G2 and P F4 (= Propositions 2.6 and 2.8), for which we will include a proof for the convenience of readers.
2.1. Preliminaries: associated triples and notations. In what follows, we will employ basic terminologies regarding algebraic groups and Lie algebras. Let R be a root system with its associated Dynkin diagram D(R) (with respect to a choice of a set ∆ of simple roots). Denote by I the index set of ∆. Thus each i ∈ I corresponds to an element in α i ∈ ∆. We will denote by ω i the fundamental weight corresponding to α i . Definition 2.1 (Associated triples). Let X be a Fano manifold as in Theorem 0.3. Then we define its associated triple (D, ω Y , ω Z ), which consists of a Dynkin diagram D and weights ω Y and ω Z , as follows:
• For varieties as in Theorem 0.3 (1), we simply associate the triple indicated in the theorem. Hence (D, ω Y , ω Z ) is one of the following triples:
Here we use the following convention for the labeling of nodes of Dynkin diagrams:
be an associated triple as in Definition 2.1. In the following, G denotes a (simply connected) semi-simple algebraic group whose Dynkin diagram is D. More precisely, G satisfies the following: Let g be the Lie algebra of G and fix a Cartan subalgebra h of g. Then, by considering the Cartan decomposition of g (with respect to h), we have the associated root system R of G. By choosing a set ∆ of simple roots of R, we have the Dynkin diagram D(R) of R.
Then we suppose the condition D(R) = D. Furthermore, we use the following notations:
which is the parabolic subgroup in G corresponding to the weight ω Y (resp. ω Z ); • Y := G/P Y and Z := G/P Z (later we will see that Z is contained in X as a closed orbit with respect to Aut 0 (X), thus there will be no confusion with this notation, cf. Condition 0.2);
projections. Note that P Y is a maximal parabolic subgroup, and this implies that Pic(Y ) ≃ Z. We will denote by O Y (1) the ample generator of Pic(Y ). If P Z is also a maximal parabolic subgroup, then we will use a similar notation.
If G is a semisimple algebraic group and P is a maximal parabolic subgroup, then the Fano index of G/P can be read off from the combinatoric data of the Dynkin diagram (see, e.g., [Sno93] ).
Geometry of smooth horospherical varieties with Picard rank one.
Let X be a Fano manifold as in Theorem 0.3 (1) . We now turn to explain how we can recover the variety X from the associated triple (D, ω Y , ω Z ). For more details we refer the reader to [Pas09] and [GPPS19] .
Note that, if (D, ω Y , ω Z ) is an associated triple as in Theorem 0.3 (1), then the projections p Y and p Z are projective space bundles. Moreover, p * Z O Z (1) gives a relative tautological bundle of the projective bundle p Y . We will denote by . Let X be a Fano variety as in Theorem 0.3 (1) and (D, ω Y , ω Z ) the associated triple of X. Then the following hold:
(2) The closed orbit of X under the action of Aut 0 (X) is isomorphic to Z = G/P Z , which is naturally embedded into P sub (V Y ⊕ V Z ) as follows:
(3) The blow up X := Bl Z X admits a contraction π : X → Y = G/P Y , which yields the following diagram:
where E is the exceptional divisor of the blow-up ϕ.
(4) E ≃ G/P Y,Z . Moreover π| E and ϕ| E are the natural projections p Y and p Z .
(5) π is a projective bundle given by P(E Y ⊕ O Y (1)), and E is the projective
With the above proposition, one can compute several invariants of X. We need the following data of numerical invariants for the proof of Theorem 0.4: Proposition 2.4 (see, e.g., [GPPS19, Section 1.6]). Let X be a Fano variety as in Theorem 0.3 (1) and (D, ω Y , ω Z ) the associated triple of X. Then the numbers dim Y , c 1 (Y ), dim Z, c 1 (Z), dim X and c 1 (X) are as follows:
Remark 2.5. Let X be a Fano variety as in Theorem 0.3 (1) and (D, ω Y , ω Z ) be the associated triple. Then the homogeneous variety G/P Y,Z admits two projective bundles p Y and p Z , and X is the smooth drum associated to G/P Y,Z in the sense of [ORSCW19] . See [ORSCW19, Section 4] for a general treatment of drums and their relation to the torus actions.
2.3. Geometry of P F4 . Here we will describe the geometry of P F4 and its blowup along the closed orbit. We will denote by F 4 the exceptional group of type F 4 (with an abuse of notation). Note that the closed orbit of P F4 is isomorphic to Z = F 4 /P Z [Pas09, Proof of Proposition 2.13]. Let L(P Y ) be a Levi subgroup of P Y . Then L(P Y ) is a reductive group whose commutator subgroup is a semisimple group of type C 3 . Recall that the simply connected semisimple algebraic group of type C 3 is isomorphic the symplectic group Sp(6) with respect to a symplectic vector space (C 6 , ω ∈ 2 C 6 ). Denote by P (ω i ) the parabolic subgroup corresponding to ω i . Then, the homogeneous variety C 3 /P (ω 1 ) is isomorphic to the symplectic Grassmann variety SG(6, 1), which parametrizes the isotropic 1-dimensional quotients of the symplectic vector space (C 6 , ω). Since every 1-dimensional quotient of C 6 is isotropic, we have SG(6, 1) ≃ P(C 6 ).
With this notation, the homogeneous variety C 3 /P (ω 2 ) is naturally isomorphic to the symplectic Grassmann variety SG(6, 2), which parametrizes the isotropic 2-dimensional quotients of the symplectic vector space. Then the variety SG(6, 2) admits a natural embedding into the Grassmann variety Gr(6, 2) and, under the Plücker embedding Gr(6, 2) → P(∧ 2 C 6 ), the subvariety SG(6, 2) is the hyperplane section of Gr(6, 2) corresponding to the symplectic form ω. Note that, under the natural action of Sp(6), the variety Gr(6, 2) decomposes into two orbits (Gr(6, 2) \ SG(6, 2)) SG(6, 2).
Proposition 2.6 (The blow-up of P F4 ). The following hold:
(1) The blow up P F4 := Bl Z P F4 admits a contraction π : P F4 → Y = F 4 /P Y , which yields the following diagram:
(2) π is a smooth morphism whose fibers are isomorphic to Gr(6, 2).
(3) E is isomorphic to F 4 /P Y,Z . Moreover π| E and ϕ| E are the natural projections p Y and p Z .
Proof. Let Q be the maximal parabolic subgroup corresponding to the fourth node of F 4 and denote by f : F 4 /(P Y ∩ Q) → F 4 /P Y = Y and g : F 4 /(P Y ∩ Q) → F 4 /Q the natural projections. Then any f -fiber is isomorphic to C 3 /P (ω 1 ) ≃ P 5 , and g * O F4/Q (1) gives a relative tautological bundle of the P 5 -bundle f . Denote by M the rank 6 vector bundle f * g * O F4/Q (1). Then F 4 /(P Y ∩ Q) ≃ P(M) and the tautological divisor ξ M defines the contraction g.
Note that g is a Q 5 -bundle and f * H Y restricts to the class of hyperplane section on each fiber Q 5 , where Q 5 is the 5-dimensional smooth hyperquadric. Note also that c 1 (Y ) = 8. Thus, by adjunction and the canonical bundle formula for P(M), we have
Thus we have c 1 (M) = 3. Now we will prove:
Claim 2.7. The blow up P F4 is isomorphic to the Grassmann variety Gr(M, 2), which parametrizes two dimensional quotients of M ⊗ k(y) at each point y ∈ Y .
Proof of Claim. Since P(M) is F 4 -homogeneous, the variety Gr(M, 2) admits an action of F 4 . Note that, under the action of F 4 , the variety Gr(M, 2) contains F 4 /P Y,Z as a closed orbit. If we consider the subvariety F 4 /P Y,Z ⊂ Gr(M, 2) as a divisor, we will denote it by D.
Let π ′ be the natural projection Gr(M, 2) → Y . If we fix a point y ∈ Y (corresponding to the unit of F 4 ), then the π ′ -fiber over y is isomorphic to Gr(6, 2), and this Grassmann variety admits an action of P Y . Then, under this action, the variety Gr(6, 2) decomposes into two orbits (Gr(6, 2) \ SG(6, 2)) SG(6, 2). This implies that Gr(M, 2) is a two orbit variety with respect to the action of F 4 , and the closed orbit is isomorphic to F 4 /P Y,Z .
Let S (resp. Q) be the universal subbundle (resp. quotient bundle) on Gr(M, 2). Then the bundle det Q is a globally generated line bundle. Note that det Q is not ample and restricts to p * Z O Z (1) on F 4 /P Y,Z . Let η be the divisor class corresponding to det Q. Then the line bundle det S corresponds to the divisor −η + π ′ * c 1 (M). Since the relative tangent bundle Θ π ′ is isomorphic to Q ⊗ S ∨ , we have
This implies that −K Gr(M,2) = 6η + 2π ′ * H Y .
Since −K F4/PY,Z = 5p * Z H Z +3p * Y H Y , we see that the divisor D on Gr(M, 2) belongs to |η−π ′ * H Y |. Therefore the restriction −D| D gives the relative tautological divisor for the P 2 -bundle p Z . Thus the contraction ϕ ′ : Gr(M, 2) → X ′ defined by the divisor η is the smooth blow-down along D, which is compatible with p Z [Nak71, FN72] . Therefore X ′ satisfies Condition 0.2 whose closed orbit is isomorphic to Z. By Theorem 0.3, we have X ′ ≃ P F4 .
The rest of the assertion follows from what we have proved.
2.4. Geometry of P A1×G2 . Similarly to the case of P F4 , we will describe the geometry of P A1×G2 and its blow-up along the closed orbit. Here we also denote by A 1 × G 2 the simply connected semisimple algebraic group of type A 1 × G 2 (with an abuse of notation). Note that the closed orbit of P A1×G2 is isomorphic to Z = (A 1 × G 2 )/P Z ≃ P 1 × Q 5 [Pas09, Proof of Proposition 2.13]. In the following, we will denote by K(G 2 ) the 5-dimensional contact Fano manifold of type G 2 , which is isomorphic to Y = (A 1 × G 2 )/P Y .
Proposition 2.8 (The blow-up of P A1×G2 ). The following hold:
(1) The blow up P A1×G2 := Bl Z P A1×G2 admits a contraction π : P A1×G2 → Y = (A 1 × G 2 )/P Y ≃ K(G 2 ), which yields the following diagram:
X ′ defined by the divisor ξ M⊕M is the smooth blow-down which contracts the divisor D compatibly with p Z [Nak71, FN72] . Therefore X ′ satisfies Condition 0.2 whose closed orbit is isomorphic to Z. By Theorem 0.3, we have X ′ ≃ P A1×G2 .
The rest of the assertion follows from the above claim.
Remark 2.10 (P A1×G2 as a Mukai variety of genus seven).
(1) Originally the variety P A1×G2 is defined as follows [Pas09, Definition 2.12]:
Let O be the (complexified) octonions, and Im O be the purely imaginary octonions. We will denote by (x · y) the Cayley product on O. Consider two elements z 1 , z 2 ∈ Im O such that (z 1 · z 1 ) = (z 1 · z 2 ) = (z 2 · z 2 ) = 0 and [z 1 ] = [z 2 ] in P sub (Im O). Then the variety P A1×G2 is the (
From this definition, one can show that
It is well known (see, e.g., [Tev05, Example 2.15]) that (a component of)the orthogonal Grassmann variety OG(5, 10) has a similar defining equation:
This implies that the variety P A1×G2 is a codimension two linear section of OG(5, 10), and hence the variety P A1×G2 is a Mukai 8-fold of genus seven [Muk89] . Now the stability of Θ P A 1 ×G 2 follows from [PW95, Theorem 3]. Later we will provide a different proof of the stability of Θ P A 1 ×G 2 based on our approach. (2) In [Kuz18, Section 6], it is proved that there exist two isomorphic classes for Mukai 8-folds with genus seven, and that one of these varieties X gen degenerates to the other one X sp . One can check that P A1×G2 ≃ X gen .
Canonical foliations and stability of tangent bundles
3.1. Canonical foliations. Let X be a Fano manifold as in Theorem 0.3 and Z its closed orbit (under the action of Aut 0 (X)). Then, by Propositions 2.3, 2.6 and 2.8, we have the following diagram with a smooth morphism π:
(3.0.1)
Definition 3.1 (Canonical foliations). The canonical foliation F ⊂ Θ X is the foliation defined by the image of the map ϕ * Θ π → ϕ * Θ X → Θ X , i.e., the saturation of the image of ϕ * Θ π in Θ X .
The following is a key lemma for Theorem 0.4: Lemma 3.2 (A criterion of stability). Let X be a Fano manifold as in Theorem 0.3 and F be the canonical foliation on X. Then Φ Aut 0 (X) = {F }.
Assume moreover that Θ X is not stable (resp. not semistable). Then Φ Aut 0 (X)
Proof. Take an element F ′ ∈ Φ Aut 0 (X) and denote by L x the leaf of F ′ through a general point x ∈ X. Since F ′ is Aut 0 (X)-invariant, the leaves are preserved by the action of Aut 0 (X), i.e., g(L x ) = L g(x) for any g ∈ Aut 0 (X). In particular, g(L x ) = L g(x) for any g ∈ Aut 0 (X).
Consider the quotient map f : X Chow(X) with respect to the foliation F ′ , which sends a general point x ∈ X to the point L x . Then the map f is Aut 0 (X)-equivariant with respect to the natural actions on X and Chow(X).
Thus, by the equivariant version of the Hironaka resolution of indeterminacy [RY02] and by virtue of Condition 0.2, we can resolve the map f after blowing up X along Z. Now the first assertion is clear.
Assume that Θ X is not stable (resp. not semistable). Then, by Proposition 1.10 (resp. Proposition 1.9), the set Φ Aut 0 (X) ≥µ(ΘX ) (resp. Φ Aut 0 (X) >µ(ΘX ) ) is non-empty, and the last assertion follows.
3.2. Proof of Theorem 0.4. Recall that we have diagram (3.0.1). Note also that, if X is a variety as in Theorem 0.3 (1), then there is a bundle E Y on Y such that X ≃ P(E Y ⊕ O Y (1)) (Proposition 2.3). In the following, we will denote by G := E Y ⊕ O Y (1). Proposition 3.3. Let X be a Fano manifold as in Theorem 0.3 (1) , and F its canonical foliation. Then rank F = rank E Y and c 1 (F ) = (rank E Y − c 1 (E Y ))H X .
Proof. The first assertion is clear from the construction of the canonical foliation F .
We now turn to prove the second assertion. By the canonical bundle formula for projective bundles, we have c 1 (Θ π ) = (rank E Y + 1)ξ G − (c 1 (E Y ) + 1)π * H Y .
By Proposition 2.3, c 1 (Θ π ) = (rank E Y + 1)ξ G − (c 1 (E Y ) + 1)π * H Y = (rank E Y − c 1 (E Y ))ϕ * H X + (c 1 (E Y ) + 1)E. Now the second assertion follows from the facts that the foliation F is determined by Θ π and that ϕ is the blow-down of the divisor E. For such a foliation, its index r F is defined as the largest integer which divides c 1 (F ) in Pic(X). As is similar to the case of the classification of Fano manifolds, the structure of a Fano foliation F is rather simple if its index r F is relatively large with respect to rank F . For example, Fano foliations with r F ≥ rank F are completely classified [DC05, Théorème 3.8], [ADK08] . The next largest index cases, i.e., the cases with r F = rank F − 1 and r F = rank F − 2 are called del Pezzo and Mukai foliations respectively, and these foliations are intensively studied in the above quoted papers [AD14, AD16, AD17] . See also [Fig19] for a study of del Pezzo foliations, and [Ara19] for an account of this topic on Fano foliations.
From this point of view, the canonical foliations on horospherical manifolds give several new examples of Fano, del Pezzo or Mukai foliations. It would be noteworthy that, contrary to the horospherical cases, the canonical foliations on P F4 and P A1×G2 have trivial first Chern classes, and hence φ Aut 0 (X) = 0.
